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Abstract. We consider a non-Abelian gauge theory in equipped with the Minkowski metric, 
which provides a model for the interaction between a bosonic matter field and a gauge field with 
gauge group SU{2). We prove the existence of solitary waves which are related to those found for 
the Klein-Gordon-Maxwell equations. 



1. Introduction 

We study the existence of solitary waves, that is solutions with locaHsed energy and charge, 
for equations modelhng interactions between matter and a gauge field in equipped with the 
Minkowski metric. When matter is given by the fundamental representation of a field with only 
one internal symmetry, that is •i/' : — )• C is the fundamental representation of U{1), then one 
speaks of Abelian gauge theories. The existence of solitary waves in Abelian gauge theories, and 
in particular for the nonlinear Klein-Gordon-Maxwell equations, has been studied in [5] under the 
name of charged or gauged Q-balls, and more recently in [2], [1] and [7]. In particular in [3] it has 
been proved the existence of spinning Q-balls, that is solitary waves with non- vanishing angular 
momentum, also called vortices. In all the cited papers the solitary waves are found by using a 
particular ansatz for the solution, namely 

V'Ct, x) = n(x)e*^(*'^') EC. 

In this paper we prove existence of solitary waves and vortices for non-Abelian gauge theories, in 
particular in the case of a matter field with three internal symmetries, namely with ^/^ : — t- 
being the fundamental representation of the gauge group SU{2). The part of the Lagrangian density 
relative to ip is the Lagrangian of the nonlinear wave equation with covariant derivatives and it 
models a bosonic field. 

In our model the nonlinear term W{s), which models the self-interaction of the matter field, is 
not of Higgs-type, but it is non-negative and vanishes only at the origin. This choice is justified by 
the fact that in the Abelian case the following holds ([3j and Theorem 12.31 below, and [3]): 

• if iy(0) > there are not finite energy solutions; 

• even in the case in which W{s) is convex there is a symmetry breaking in the sense that 
there are solutions, not invariant under the action of the full gauge group, which minimize 
the energy constrained by some other conserved quantity. 

In Section [21 we recall the basic notions of gauge theories in the Minkowski space. Then, in 
Section O we develop the theory in the SU{2) case, writing the matter field in polar form using 
the exponential map and we give our existence result. 
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2. Gauge theories in 

Let G be a subgroup of U{N), the unitary group in C^, and denote by A'^(R^,g) the set of 
/c-forms defined in with values in the Lie algebra g of the group G. A 1-form 

3 
j=0 

is called connection form. The matter field ^ is a smooth C^-valued function 

and by using a connection F we consider the operator 

dr = A°(M^, C^) ^ A^(R^ C^) 
called covariant differential and defined by 

3 

dj^ = d + qT = ^{dj + qFj) dx^ 
j=0 

where g is a real positive parameter. The operators 

Dj = dj + qFj : (R^ C^) ^ C° (R^ C^) , j = 0,...,3 
are called covariant derivatives. Hence 

3 3 

(2.1) drip = Djijj dx^ = {djijj + qFji/j) dx^ 

j=0 j=0 

where by Tjip we denote the action of an element of g on -0 by the usual matrix representation. The 
parameter q plays the role of the coupling constant between the matter field and the connection F. 
The covariant differential can be extended to /c-forms A'^(R^,C^) by letting 

dritp ^ co) = drip ^ CO + tp ^ dru GA'=+^(R^C^) V V e (R^ C^) , a; e A^-^(R^ C^) 

but in general the operator 

dr o dr : AO(R^ C^) ^ A2(R^ C^) 

does not vanish, in fact 

3 

{dr o dr) V = I Yl - ^i^'i + [r^^' ^^l) ^ '^^'^ ^ '^^^ 

j,k=0 

and the 2-form 

3 

(2.2) Fr = lY ^'^i^^'' ^ ^ S)' '= ^^^^^ " ^i^^ + 1 [^^' ^ ^ 

j,k=0 

is called curvature. We now extend the covariant differential dr to A;-forms with values in g. For 
two 1-forms in A^(R^,g) 

3 3 

(2.3) A = Y^j dx^ B = YBj dx^ 

j=o j=o 

one can define 

3 

AAB:=Y ^iBj dx' A dx^ e A2(R^ g) 

i,j=0 
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and 

3 

(2.4) [A, B] := [Ai, Bj] dx' A dx^ G A^{R'^, q) 

i,j=0 

Notice that [A,B] = AaB + BaA, hence in particular [A, A] = 2AaA. By using these operators, 
the covariant differential can be extended to an operator acting on 0-forms with values in g 

d^ = A^M^0)^A^(M^0) 

by the same definition 

3 

dTa = Y{dja + q [r^, a]) dx^ V a G C^(M^, g) 
i=o 

letting 

(2.5) :Cl(M^g) ^C°(M^0), Dja = dja + q[Tj,a], j = 0, . . . , 3 
Then dr can be extended to A*(]R'^,g) as above. For example if A G A^(M^,0) then 

3 

dr^ = dA + q[r, A]=Y^ {diAj + q[Ti, Aj]) dx' A dx^ 

i,j=0 

Using this notation we have 

Fr = dr + r A r 

Now we need to define a scalar product on A'^(M^, g). First we recall the definition of the Hilbert 
product on g given by 

(2.6) {U, V) = Tr{U*V), \\Uf := {U, U) 

where U* denote the adjoint of U. Next, we equip with the Minkowski quadratic form given by 

3 

<V,V >M= - bop + 

where v = (wo, wi, f2, ^"3) is a 4- vector. The Minkowski quadratic form can be extended to the space 
of the differential forms a G A'^(M^), and it will be denoted by 

(2.7) <a,a>M- 
For future reference we recall the relations 

(2.8) < dx\dx^ >M= i / j < dx^, >m= -1 < dx\ dx" >m= 1 ? = 1, 2, 3 

(2.9) <dx^ Adx\dx^ Adx"- >M= -'^ z = 1,2,3 < dx^ A dx^ , dx^ A dx^ > m= i,j = 1,2,3 

and the products vanish in the other cases. 

Now, since A''{R-^, C^) = C^^A''{R'^) and A'=(M'^,g) = A'=(R^), let us define the Minkowsky 
product on A^{R^,C^) as 

(2.10) < V 1^ UJ,W 1^ V >M-= {v, w)£N < (jJ,V >M 

and on A'^(M^,g) as 

(2.11) <U ®u,V ®v >M--= {U,V) <oj,u >M 

3 




In particular, given two 1-forms as in (j2.3p . we have that 

3 

(2.12) <A,B>M= tr{A* Bj) < dx\ dx^ >m 

i,j=0 

and using ^M) and ([ZH]) 

3 

(2.13) < A^>M=-Pof + J^Pjf 

We are now ready to define the Lagrangian density of a gauge theory depending on the matter 
field ip and on the connection F. Recall that the parameter q introduced in the definition of the 
covariant derivatives play the role of the coupling constant between the two fields. Set 

(2.14) Coi^P,r) := -i < dr4^,dr^ >m= \ \DoMIn - ^ J] l^^i^lciv 
where we have used (|2.8p . (j2.10p and the definition (j2.ip and 

2-^<Fr,Fr>M=-^2 
which using (|2.2p and ()2.9p becomes 

(2.16) A(r) = i^||Fo,f -i 

j=l k,j=l 

A pure gauge field r G AHM'^,0) by definition (see e.g. [8], P) is a critical point of the action 
functional 



(2.15) £i(r) :=-— <Fr,Fr >m= -^r^ < dV + T AT,dT + T AT >m, 



whereas the action 



5i(r) = j Ci{T)dxdt; 
5o(V',r) = j Colli), T) dxdt; 



formalises the reaction of the matter field ij: to the gauge field T. A gauge theory "with matter" is 
then concerned with the functional 



Soi{ip,T) = j {Co + Ci) dxdt. 



Since we are interested in the existence of solitary waves and solitons, we add to the above lagrangian 
Co + Ci a nonlinear term W and so we are concerned with the action 

(2.17) S{^,T) = j C{^,T)dxdt, C = Co + Ci-W{^), 

where W : — )• M is a function which is assumed to be G-invariant, namely Wlgil^) = W{iIj) for 
all g £ G. In particular we assume that there exists a real function / : — )• M such that 

(2.18) W{^P) = fm, W'{i;) = fM)^^ 

and / satisfies 
(Wl) /(s) > for aU s > 0; 
(W2) /(O) = /'(O) = and /"(O) = > 0; 
(W3) there exists sq G M+ such that /(sq) < ^ 
(W4) there exists si > so £ M+ such that f'{si) > si 



Proposition 2.1. The Euler- Lagrange equations relative to (2.11) have the following form: 

Dli^ - EU D]i^ + W'iij) = (Ei^) 

^{A,E''j=iDjFoj+qDoi>-r) =0 V^G0 (ETO) 

^(^A,DoFoj-Ei^jDeF,,+qDji,-r) =0 VAGg (ETj), j = 1,2,3 

where Dkip-ip* denotes the matrix multiplication between the column vector Dkip and the row vector 
Tp* , and we recall the definitions of the covariant derivatives 112.1]) for the matter field ijj and ^2. 5\) 
for Q-valued functions. 

Proof. To write the Euler-Lagrange equations relative to (|'2.17p we first consider the variation with 
respect to ^, which gives 

dS {ip, T) [{if, 0)] = -^J< dvi^, dr^p > m dxdt = 
J ^DoTp,Doip)cN - ^{Djip,DjLp)cN - {W'{t^)),^p)cN^ dxdt = 

3 

j {-Dlij + - W'{^),ip)cN dxdt 



3 

where we have used the fact that matrices in g are anti-Hermitian. We now consider the variations 
with respect to T separately for each Tj with j = 0, 1, 2, 3. For j = we have 

3 



dS {^P, r) [(0, Bo)] = |^((/5oV, £'oV')c^ - ^^i^o + ^[ri, ^o], i^o,) j dxdt 

• J /Bo,qDo%b-r + Y.DjFoA dxdt 



3 

where we have also used Tr{ABC) = Tr{BCA) for any triple of square matrices A,B,C. The 
cases j = 1, 2, 3 are similar with 

d5(v,r) [(o,i?,)] = 

3? / I -{qB.ih, Di^)rN + (daBi + qlTn, 5,1, Fn.) - ^ > ^ (OpBi + qlFp, BA,F,. - F.A I dxdt 



\^ {Bj,-q Dji; ■ i;* - DqEoj + ^ DeFij \ dxdt 



□ 



Of fundamental importance in Lagrangian dynamics is the existence of conservation laws, ob- 
tained for example by Noether's Theorem under the existence of group actions which leave invariant 
the Lagrangian density. The Lagrangian density (j2.17p is invariant for the action of the Poincare 
group of Lorentz transformations of the Minkowski space M^, and for gauge transformations of the 
fields (■0,r). A gauge transformation t defined by a section 

9 X i{x) G G 

SiCtS clS 



(2.19) {iip){x) =i{x)i;{x) eC 
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N 



on the matter field ^, and by 
(2.20) 



tr = ^ Tjdx^ G A^( 

j=0 



on the gauge field F, where 



(2.21) 



tj{x) = t{x)rj{x)t-\x) - - {djt{x)) t-\x) G 



By Noether's Theorem, if a Lagrangian density C{t, x, u, dtu, Vn) is invariant for the action of a 
one-parameter group H = {hx} , X £ M, then the function 



(2.22) / 



d{dtu) 



d{hx{u)) ^ d{hx{t)) 

- OtU ■ 



dX 



dX 



d{hx{xj) ) 
dX 



+ C 



dX 



dx 



A=0 



is an integral of motion if all the fields fall off at infinity "sufficiently rapid" (see e.g. [6]). The inte- 
gral of motions obtained from the invariance under Lorentz transformations are energy, momentum, 
angular momentum and velocity of the ergocenter. The invariance under gauge transformations 
yields instead the integrals of motions known as (Noether's) charges. 

2.1. The Abelian case G = U{1). We briefly consider the case = 1 and G = U{1), obtaining 
Klein-Gordon-Maxwell equations as a simple case of the framework developed in the previous 
section. In this case the real Lie algebra g = u(l) = «M. We write the connection form F G A^(R^, g) 
as 

3 

F = ^ Fj dx^ = -lip dx^ + lAi dx^ + 1A2 dx^ + lA^ dx^ 
3=0 

and with abuse of notation, we introduce also the notation of F as a four-vector with components 

(2.23) T = {-ip,A) where A = (^1,^2,^3) 

We also introduce the notation for the partial derivatives in the space-time components in R'*, as 
do = —dt, di = dx, 82 = dy, 83 = dz, with VV' = (dxip , dyip , dzi^) ■ The covariant derivatives then 
take the form 

(2.24) Doi;:={-dt-tqip)ij Dj^^ := {8, + iqAj) ^, j = 1,2,3 

Using this notation we rewrite Co{ip,T) of (|2.14p and Ci{T) of (|2.16p as follows. For Cq we get 

1 ^ m2 



£o(V',¥',A) = ^ 18111^ + I q ipil^l'' - \ |VV' + 2gAV'|^ 



(2.25) 

In this case the components Fkj defined in (j2.2p are complex numbers given by 

Fqj = -idtAj + idjif j = 1, 2, 3 



Fkj = idkAj - tdjAk 



k,j = 1,2,3 



for which ||-Ffcj|p = It follows that 



3 3 
i=i j=i 



fcj=i 



2 (|Fi2p + |F23p + |F3i|2) =2 |Vx A| 
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and 
(2.26) 



£i((^, A) = i \dtA - Vifl^ - ^ |V X A|' 



To obtain the Klein-Gordon-Maxwell system of equations one can make the variations of S with 
respect to ip, ip and A, or simply substitute the expressions for the covariant derivatives and the 
components Ff^j into the system (Eip), (ETq), (ETj) by taking into account that for g = «M these 
equations become 

^{E'j^^DjFoj+qDoi'-r) =0 
_ 9 (^DqFoj - Zi^j DeFij + q Dji; • V*) = 
Hence we obtain 
(2.27) 

(2.28) 
(2.29) 

A useful approach to equations (|2.27p - (|2.29p is to look for solutions ij{t,x) £ C written in polar 
form, that is 

(2.30) tl;{t,x) =u{t,x)e'^^^'''\ n G M+, S G M/27rZ 

Using notation (|2.30p . equation (j2.27p splits in the equations 



V • (^tA - Vif) + q^{iipdtip) + q^ ip = 
dt {dtA - Vv9) + V X (V X A) + q^{iyjVip) + l^pA = 



dfU — Au + 



\VS + qA\^-{dtS + qipf u + f'{u)=0 



dt [{dtS + qip) n2] - V • [{VS + qA) u^] = 



(2.31) 
(2.32) 

and ([2:281) and (l2:29]l become 

(2.33) V • {dtA -Vip) + q {dtS + qip) = 

(2.34) dt {dtA -Vip) + V X {V X A) + q{VS + qA) v? 
Letting 



p = {dtS + qip) u 



{VS + qA) u' 



equation (I2.32j) is the continuity equation for the electric charge density p. 

Finally we recall that the Lagrangian C{'tp,(p,A) = Cq{iP,lp,A) + £1(93, A) — W{Tp) is invariant 
under the action of the Poincare group and of the gauge transformation (I2.19p . (12.20p . which in 
this case are of the form t(2;) = e'^^^^\ t{x) S M, and transformation (j2.2ip becomes 



Tj{x) 



Tj - - djt{x) 



The integrals of motion obtained by Noether's Theorem are energy, which using (|2.30p takes the 
form 



(2.35) 



{dtu)^ + |Vn|2 + 



p' + \j\' 



+ 2W{u) + \dtA - V(/9p + |V X A| 



dx 



momentum, angular momentum which using (j2.30p takes the form 



(2.36) 



M 



X X 



dtu Vii 



+ {dtA + V(^) X (V X A) 



dx 



velocity of the ergocenter and the Noether's charge, which is 

(2.37) Q = [ pdx= [ {dtS + q(p)u^dx 

and corresponds to the electric charge. 

The existence of soliton and vortices solutions to equations ()2.3ip - ()2.34p has been proved in ^U] 
using the following ansatz 

(2.38) V(i, a:) = ^(x) e<^'^(^)-'^*) and {ip, A) = {ip{x), A{x)) 

where u>0,u)GM, iGZ and ■d{x) is the longitude of the vector r = (x, y, z) in radial coordinates 
in M^. These solutions have non- vanishing matter angular momentum (see [4J) 

(2.39) Mm-= f XX dtuVu-^- dx= [ {dtS + qip) [x x {V S + qA)] dx 

Jr3 I w J Jr3 

and hence are called vortices, when i ^ 0. 

Let H^{R^) denote the weighted Sobolev space of functions with norm 



\Vu\^+i 1 + ^] 



dx 



for i £ Z, and D^'^ denote the completion of C7^(M^) with respect to the inner product 



{v\w)x>i,2 := J Vv-Vwdx 

Then the following theorem holds 

Theorem 2.2 ([4]). Let W satisfy (W1)-(W4). Then for all i e Z there exists go > such 
that for every q G {0,qo) ihe system \2. 31]) - (2. 34^ admits a finite energy solution {u,uj,ip,A) in 
the sense of distributions with: u = u{^J x"^ + y'^, z) ^ 0; a; > 0; ip = (p{y^x^ + y^ , z) ^ 0; A = 
a{^/x^~T^, z) Vi}. In particular u £ ^-"^(M^), ip G P^'^ and A G {V^''^)^. Moreover, A = if and 
only if i = 0. 

We remark that a nonlinear term W satisfying (W1)-(W4) is not of Higgs-type. This choice is 
justified by the following theorem proved in [3], whose proof we repeat here for completeness. 

Theorem 2.3 ([3j). Let W : C R be of the form W{i;) = /(|V'|), where f : M.+ R is a 
function satisfying 

(i) f{s) > for all s G M+; 

(ii) /(O) > 0; 

(iii) there exists s > such that f{s) = 0. 

Then system l2.31\) - [2.34\ ) admits no solutions of the form 12. 38\) with Ljj,i ^ and finite energy. 

Proof. The energy £ (j2.35p on functions of the form ()2.38p writes 



dx 



(2.40) £{u,e,uj,ip,A) = 1 [ \\Vu\'^+iqip-u;fu'^+\iV^+qA\'^u^+2W{u) + \V^\'^ + \VxA\ 

which is a sum of non-negative terms. Hence if energy is finite, all single terms are finite too. Hence 
arguing by contradiction, if there exists a finite energy solution to (I2.3ip - (l2.34p of the form (]2.38p . 
then finiteness of the term j W{u) dx implies that 

lim u{x) = s 

\x\—^oo 



by assumptions (i)-(iii) on W. From this and finiteness of energy it follows that 

/ \i\7^ + qA\'^u^ dx < oo 
Jr3 

which implies that for any e > there exist R,K>0 such that 

\£V^{r,z) + qA{r,z)\ < e yr>R,\z\>K 
where r := \J . Hence 



1 1 

|A(r,z)| > -(|£V??(r,z)| -e) = - ' I*' 
q q 



It follows that for e small enough 



/ \K{x)f'dx> \ \ 

Jr J\2 



1 



Mr > R, \z\ > K 



rdrdz = oo 



\z\>K 

Therefore A (L^(M^))^, and then by Sobolev inequality 

|VAp dx = oo 

which contradicts the finiteness of the energy (j2.40p in the case i ^ 0. The same argument works 
for if, and contradicts the finiteness of the energy in the case uj ^ 0. □ 

3. The simplest non-Abelian case G = SU{2) 

We now study a gauge theory on with the matter field ■0 : — )• under the action of the 
gauge group SU(2), with g = 5u(2), the real Lie algebra generated by i times the Pauli matrices 



n := tax 



I 

1 



T2 := lay 



1 
-1 



T3 := ta^ 



I 
-I 



By the properties of compact Lie groups, the exponential map 

exp : su(2) ^ SU{2) 

is surjective and for each g G SU{2) there exists a triple S = {Si, S2, S3) £ M.^ with Ylf=i — '^'^ 



such that 



g = exp(5iri + S2T2 + S3T3) 



and it is unique when Yl^=i < Given (^i, 5*2, S3) G M? we introduce the notation 



(3.1) 



S(t,x) :=5i(t,x)ri + S2(t,x)r2 + 53(i,a;)T3 Gsu(2), |Sp := |5p = ^S, 



i=l 



and the operations 

(3.2) djS := djSi{t, x) ri + djS2{t, x) T2 + djS3{t, x) T3 

(3.3) S X S := (5 X 5)1 ri + (5 X 8)2 T2 + {Sx 8)3 T3 = -\ [S, S] 

(3.4) S-S:=5i 51 + ^252 + 53^3 = ^(8,8) 

(3.5) 88 = -8 -8-8x8 

where [•,•] is the standard Lie bracket and in the last equation on the left hand side we use the 
usual matrix product. Finally for the gauge fields with abuse of notation we write 



(3.6) 



:= 7i,i n + 7i,2 T2 + 7i,3 T3, j = 0, 1, 2, 3 
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as in (|3.ip . and extend to Fj the operations (j3.2p and (j3.3p . We then introduce the polar form for 
matter fields 

(3.7) tlj{t,x) =u{t,x)e^^^'''^ ^po, n G M+, |S(t,x)| < vr 

for a fixed vector ipo G C^, iV'olc^ = 1- We now write the Lagrangian density Cq as a function of 
the polar variables (u, S) and their derivatives with respect to dt = —do and V = (81,82,03). 

Lemma 3.1. For all S G su(2) with regular functions Si{t,x), it holds 

(3.8) 8j exp(S) = C(S, 5^8) exp(S) 
with 

C(S,5jS) := 8jS + ^ (1 - cos 2) (a^S X S) + ^ (2 - sin 2) ((9^8 x S) x S) G su(2) 
Proof. We use the formula (see e.g. [1]) 

(3.9) |"^P(^(*)) = E {^dA{t))\j^{t)) eMA{t)) 
where 

(ad>l)(S) := [A,B] 

By applying (|3.9p with A{t) = S and using (|3.3p to obtain 

[S,9jS] = 2(5jS X S) 
[S, [S,5jS]] = [S,2(9jS X S)] = 4 ((5^-8 x S) x S) 
[S, [S, [S, 5jS]]] = 8 (((9jS X S) X S) X S) = -8 (9^8 x S) 

and in general 

^ (ads)na,s)- J ^ ' ^ ^ ^ 



(A^ + l)! 1 (-l)-i^ ((a,S X S) X S) fc = 2n>2 

Hence by ([SJD 



(2n+l)! '^'^'^J' 

j (^^S X S)exp(S)+ 

+ \Y.^(-^T~'j^^^A ((^^S X S) X S)exp(S) 
and the thesis follows. □ 

Using (j3.8p we obtain for the covariant derivatives of the matter field ifj in polar form ()3.7p with 
respect to the gauge field T = ^ Fj dx^ 

(3.10) Dj [u iJo) = 8j (n Vo) + Qu Tje^ il^o = [dju + u C(S, djS) + g-u Tj] ^0 

We have then 

iDj (-ue^Vo) Ic2 = {[djU +uC{S,8jS) + quTj] iPoAdjU + uC{S,djS) + quFj] e^Vo)c2 = 
= {djue^ ^o,djue^ i^o)^, + {[uCiS,8jS) + quTj] i;o,[uC{S,djS) + guVj] e^^o)c2 
since the other terms cancel out using [uC{S,8jS) + quTj]* = — [uC{S,8jS) + quTj], which holds 
for matrices in su(2). Moreover, since Volc^ = 1 ^-iid = — jSp/d, we obtain 



(3.11) \Dj{ue^'il^o)\l2 = \8ju\'^ + \C{S,djS) + qr 



2 
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Finally we obtain for £, 







1, 



(3.12) £o(^^,S,r) = -\dtu\^ - i|Vn|2 + in 



|c(s, ds) - qFoP - |c(s,a,s) + qT, 

For the second part of the Lagrangian density £i, we recall that since F^j G su(2) we have 



F,,||2:=rr(F,^Ffc,: 



2|F 



kj\ 



2\dkTj-djTk-2q{TkxTj 



where for F^j we have used notation (j3.ip . and for Tj notation (j3.6p and (j3.3p . Hence from (j2.16p 
we get 

3 ^ 3 

(3.13) £i(r) = ^ l^^r, + a.To + 2q (Fo X F,)|2 --Y1 l^^r,- - c>,Ffc - 2q (F^ x F,)!^ 

i=l k,j=l 

3.1. The equations in polar form. We now write equations (Eip), (ii^FO), (ETj) in terms of the 
polar form (|3.7p for ijj and using notation (|3.ip . (j3.2p - (j3.6p . To write (Etp), we first use Lemma [3TT] 
to write 

= Dj [{dju + uC{S, djS) + quTj) e^ipo] = 
= dj {djU + ^^(S, djS) + quTj) + {djU + uC{S, djS) + quTj) C(S, djS)+ 



+qTj {djU + uC7(S, 5jS) + g-uFj) 



a/n + u[C{S, djSy + 2gFjC(S, djS) + Fj + -dj (C(S, 9^8) + gF^) u 



djU — u 



Hence we obtain 



C{S,djS)+qT^ 



u 

+ u [qTj, C{S, djS)] + ^dj ( (C7(S, djS) + qTj) 



OqU — An — n 



C(S, doS) + qFo + ELi « C-CS, 5,S) + gF, + /'(n)+ 



+iao( (C(S,5oS) + <7Fo) ^x^) +n[9Fo,C(S,5oS)] + 



-ELi hdAiC{S,d,S)+qT,) uA -u[qr„C{S,djS)] 



We remark that in the first row all terms in square brackets are assumed to multiply the identity 
matrix, which is not in su(2), whereas in the second and third lines all terms are in su(2). Hence 
using the covariant derivative (j2.5p and letting dt = —do we obtain the system 



(3.14) 
(3.15) 



dfu — An — n 



C{S, dtS) - qTo + E?=i u C(S, d,S) + qT, + /'(n) = 



Do( {C{S,doS)+qTo) n2 - dJ {C{S,djS) + qT^ 







Notice that equation (j3.15p is the continuity equation in terms of covariant derivatives for the 
matter current (see ()3.16p and (j3.17p ). 

We now consider {ETO) with A = Tk, k = 1,2,3. Since DjE^j is in su(2) the first part simply 
reads 



K {Tk, DjFoj) = {DjFojU K (r^, r^) = 2(D,-Foj)fc 

m=l 

The second part of (ETO) involves DqiP ■ ip* and needs more attention. In general we can write 

ipit,x) = n(t, j;)e^(*'^'Vo = u{t,x) 



z 
w 
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with z,w ^ C and |zp + \ w\'^ = 1. Hence for all j = 0, 1, 2, 3 



we can write 



udju + u^{C{S, djS) + qTj)] e^ipo ■ (e^^o) 
udjU + u^{C{S,djS) + qrj) 



\z\ zw 
zw Iwp 



We now compute 



^ ' ' zw \wr 



VA; = 1,2,3 



from which it follows that 

3 



m=l 



\z\ ZW 

ZW \w\'^ 



\C{S,d,S)+qVj)k tr 



\z\ zw 
zw \w\ 



2 =u\C{S,d,^)+qTj)k 



Hence we finally get 

3 

(3.16) 2 DjFoj -qu^[C{S,dtS) - qVo] = 



The same argument works for (ETj) and we get 

(3.17) 2 DoFoj - 2 ^ DiFej + qu^[CiS, d,S) + qTj] = 0, j = 1, 2, 3 

3.2. The energy. The conservation law of energy follows from the invariance of the Lagrangian 
under the action of the one-parameter group of time translations 

hx(t, X, u, S, r) = (t + A, X, u, s, r) 

which yields by (j2:22|) 



(3.18) 



£ 



dC 

d{dtu) 



dtu + V dtSm + V daj,m - C 

d[dtSm) ^ d[dtjj,m) 



dx 



We now compute the different terms. The first two terms depend only on Cq ()3.12p and by making 
the trivial computations using (jA.ip - (|A.4p we get 

dtu + ^ ^ , dtSm - Co 



3 

= ^\dtu\^ + l^ul^ + 1^^ \C{S,dtS)\' - q^ \To\' + \C{S, djS) +qT, 

Finally the third term only depends on Ci (I3.13P and in particular we remark that Ci does not 
depend on 9t7o,m. Using (|A.5p we get 



3 3 



3 3 



Q(Q^. \ ^^^0,m -Cl = YY.'^ [dtlj,m + dj70,m + 2q (Fq X T 
=Om=l * 'i.™-^ j=i m=l 



j)m 



3 

Y '^(^t^3 + ^J-ro + 2gro X Tj,dtV>^ - Ci 
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3 3 

^ \dtTj + d,To + 2q {To X r,)|2 + - ^ la^r, - djVi, - 2q {Tk X r,)|2 + 



k,j=i 



+ Y, {Foj,d,ro + 2qroxTj) 
where we have used ()3.4p . Putting together ah the terms we obtain that the density of energy is 



^ = i|atn|2 + i|Vn|2 + ln2 \C{S,dtS) - qTof + ZLi\C{S,d,S) + qV^ 



+ 



(3.19) + E,ti l^^r, + d,To + 2g (ro X r,)|2 + 1 \dkT, - a,r, - 2^? (r^ x r,)|^ + 



(c(s,atS),ro)-(?2 irol' +E?=i (Foi,9,To + 2Qro x r 



3.3. Existence of solitary waves and vortices. We now introduce a particular ansatz to find 
sohtary waves solutions for equations ()3.14p . ()3.15p . p.l6p and ()3.17p . We restrict ourselves to 
solutions with matter field written in polar form as 



(3.20) iP{t,x,y,z) =uiVx^+y^,z) 



2 I ,,2 ^^ „S{t,x)T,r, 



-00, u G M+, m = 1,2,3, |5(t,x)| < TT 



with S{t, x) = M{x) — Ldt, where a; € M, ^ G Z and t?(x) is the longitude of the vector r = (x, y, z) 
in radial coordinates in M^. For the gauge field we assume analogously that 



(3.21) 



ro = 7o(\/ x'^ + y^, z) Tm, I r2 \ = 'y{^/x^+y^,z)Vl^ Tm 



In particular we look for the radial profile u of the matter field and the gauge field to be independent 
on time. We now substitute (I3.20p and (I3.2ip in the equations, using 

Ai? = Vi? • Vn = 0, ^(S, djS) = djS{t, x) Tm 



Foj = -dj^o{x) T„ 



V X 7(x)Vi? 



with j,i,k = 1,2,3, and i ^ j ^ k such that {£,j,k) is obtained by an even permutation from 
(1,2,3). We find the following equations for the variables (u, cj, 70, 7), with equation ()3.15p 
identically satisfied. 



(3.22) 

(3.23) 
(3.24) 



-Au{x)+ |(^ + g7(x))Vi?|2- (a; + ^7o(x))2 u + f'{u)=0 

-2 A7o(x) +q{uj + 570(2;)) u^ = 
2 V X (V X -f{x)V'&) + q{£ + q-fix)) Vi? = 



which are very similar to (|2.3ip . (j2.33p and (|2.34p if we let u{t,x) = u{t), S{t,x) = M{x) — cot, 
(p{t,x) = —70(2;) and A(t, x) = 7(x)V'!?(x). 

Theorem 3.2. Let W satisfy (W1)-(W4)- Then for all i £ 7^ there exists qo > such that for every 
q G (0, go) tf^s system Ii3. 22\) - (3.24\ ) admits a finite energy solution (n, tj, ^, 70, 7) in the sense of 
distributions with: u = n(-y/a?+y^, z) ^ 0; a; > 0; 70 = 70 ( -y/x^ + , z) ^ 0; 7 = 7(y^x^ + y^, z). 
Moreover, 'j = if and only if £ = 0. 
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Proof. By letting v = and f{s) = ^/(\/2n), we have that (u,a;,7o,7) is a solution of the 

system (j3.22p - (j3.24p if and only if (?;,a;,7o,7) is a solution of 

-Av+ \{i + q-f{x))V'd\'^ - {uj + qjo{x))'^ v + f'{v)=0 
- A70 + g (w + qjoix)) t>2 = 
V X (V X 7Vi?) + q{£ + q-fix)) v^Vi9 = 

It is immediate to verify that / satisfies assumptions (W1)-(W4), by choosing sq = so and 
§1 = si in (W3) and (W4). Hence we can apply Theorem 12.21 to obtain the existence. 

Finally, the integral of the energy density (jS.lOp for the solutions of form (j3.20p and (j3.2ip writes 



1, 



1 



■ 2 2 2 , i^ + QlY 
^ - 9 To + 2 



IV70P + |V X 7V^9p 



dx 



The finiteness of the energy follows again by Theorem [27 



□ 



Appendix A. Derivatives of the Lagrangian density 



Let the Lagrangian density 



ciu, s, r) = Coin, s, r) + £i(r) - w{u) 



be expressed in terms of the variables (n, S) for the matter field and T = (Tj), j = 0, 1, 2, 3, with 
Tj = lj,mTm-, for the gauge field, as in (|3.12p and (|3.13p . In order to obtain the densities of 
the first integrals for equations (j3.14p - (|3.16p - (j3.17p . we need to compute the derivatives of C with 
respect to dtu, dtSm, dt'jj^m, for m = 1,2,3 and j = 0,1,2,3, as shown in (|2.22p . We collect here 
the derivatives. 

OtU 



(A.l) 



(A.2) 



dC 



d{dtSi 



d{dtu) 

(C(S, dtS) -qTo), (1 - 1(2 - sin2)(5i + + 
+ (C(S, dtS) - qVo)^ (i(2 - sin2)SiS2 - i(l - cos 2)53) + 
+ (C(S, dtS) - qTo)^ (i(2 - sin2)SiS3 + ^(1 - cos 2)^2 



(A.3) 



(A.4) 



(A.5) 



dC 



d{dtS2 



dC 



dC 



{C{S,dS) - gro)i (i(2 - sin2)Si52 + \{l - cos 2)^3) + 
+ (C(S, dtS) -qTo)^ (1 - 1(2 - sin 2)[Sl + SD) + 
+ (C(S, dS) - gro)3 (i(2 - sin2)5253 - i(l - cos 2)Si) 

[ (C(S,5tS) - gro)i (i(2 - sin2)Si53 - \{l - cos 2)^2) + 
+ (C(S, dtS) - (?ro)2 (^(2 - sin2)5253 + \{l - cos2)5i) + 
+ (C(S, dtS) -qVo)^ (1 - ^2 - sin 2)[Sl + SD) 

- = 2 [daj^rn + 5j7o,m + 2g (Fq X Fj)^) , j, m = 1, 2, 3 
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